The dynamics of symmetric instability and two-dimensional inertia-gravity waves in a baroclinic geostrophic flow undergoing frontogenesis is analysed. A frontogenetic strain associated with a balanced deformation field drives an ageostrophic circulation and temporal variations in the basic state that significantly affect the properties of perturbations to the background flow. For stable stratification, perturbations to the basic state result in symmetric instability or inertia-gravity waves, depending on the sign of the Ertel potential vorticity and the magnitude of the Richardson number of the geostrophic flow. The kinetic energy (KE) of both types of motions is suppressed by frontogenetic strain due to the vertical shear in the ageostrophic circulation. This is because the perturbations' streamlines tilt with the ageostrophic shear causing the disturbances to lose KE via shear production. The effect can completely dampen symmetric instability for sufficiently strong strain even though the source of KE for the instability (the vertical shear in the geostrophic flow) increases with time.
because the dynamics of these eddies is strongly constrained by the Earth's rotation, KE in the mesoscale is primarily transferred back to larger scales following an inverse cascade, away from the small-scales where viscous dissipation can act (Rhines 1979) . A variety of mechanisms have been proposed to explain how KE in the mesoscale can flux to smaller scales and dissipate (see Ferrari & Wunsch (2009) for a review). The dynamics of two of these mechanisms (the formation of submesoscale instabilities and the coupling between eddies and the internal wave field) is the focus of this work.
When the gradients in the mesoscale flow field are large, such that the vertical vorticity and strain are of comparable magnitude to the Coriolis parameter, f , or when the vertical shear approaches the size of the buoyancy frequency, N , submesoscale instabilities can arise (McWilliams 2008; Thomas et al. 2008) . These instabilities can break the rotational constraint and lead to a transfer of KE from large to small scales (Capet et al. 2008; Molemaker et al. 2010) . For example, symmetric instability extracts KE from vertically-sheared geostrophic currents and is itself unstable to secondary shear instabilities, resulting in a forward cascade of KE (Taylor & Ferrari 2009; Thomas & Taylor 2010) . The instability and the small-scale turbulence it produces has been observed at a density front in the upper ocean (D'Asaro et al. 2011) .
Classical theory for symmetric instability predicts that a geostrophic flow is symmetrically unstable when its Ertel potential vorticity (PV) takes the opposite sign of f owing to its strong baroclinicity, or equivalently, when its Richardson number is less than one (Hoskins 1974; Haine & Marshall 1998) . The theory implicitly assumes that the geostrophic flow is not actively being strained. The observations, however, suggest that regions where the PV takes the opposite sign of f tend to coincide with frontogenetic strain . A baroclinic, geostrophic flow embedded in such a strain field experiences an increase in vertical shear with time and is accompanied by a vertically-sheared ageostrophic circulation which is perpendicular to the geostrophic flow and drives restratification (Hoskins 1982) .
It is possible that the strain and the modifications to the flow and density fields that it induces affect the dynamics of symmetric instability for the following reasons. Shear instabilities such as symmetric instability are characterized by horizontal vorticity and thus are susceptible to vortex stretching associated with confluence/diffluence (Pawlak & Armi 1998) . Second, in the presence of acceleration the instability criterion can be modified (e.g Barad & Fringer 2010) . Finally, shear production attributable to the ageostrophic flow can either add or remove KE from the instability. These processes likely alter the properties of symmetric instability and hence will be explored in detail in this study.
Inertia-gravity waves can exchange KE with the mesoscale as a consequence of their Reynolds stresses (Müller 1976) . As discussed by Polzin (2010) , removal of KE from the mesoscale by inertia-gravity waves should be particularly effective in regions of strain. In these regions the horizontal wavenumber of the waves grows exponentially with time and so does the vertical wavenumber, provided there is a vertically sheared geostrophic flow of the right sign. In such a scenario, the magnitude of the group velocity decreases with time, causing wave packets to be captured in the strain region. The theory of "wave capture" of Bühler & McIntyre (2005) describes this process and predicts that the intrinsic frequency of the waves asymptotes over time to a value close to, but above f . Using linear wave kinematics it follows that the horizontal component of the velocity of these superinertial waves is not circularly polarized. This results in a non-zero Reynolds stress directed in the sense to extract KE from the mesoscale strain field (Polzin 2010) .
In the wave capture scenario the combination of a baroclinic geostrophic flow and a strain field is required. The theory however assumes that the time variation in the geostrophic flow and the presence of ageostrophic shear, which are inherent to this flow configuration, play a negligible role in the dynamics of the waves. It also assumes that the intrinsic frequency and polarization relation of the waves is independent of the geostrophic flow. Both quantities are in fact a function of the Richardson number of the geostrophic flow (Mooers 1975; Kunze 1985; Young & Ben-Jelloul 1997; Whitt & Thomas 2012) . In particular, for low Richardson numbers the horizontal velocity of waves with the lowest frequency, i.e. near-inertial waves, is no longer circularly polarized, giving rise to a Reynolds stress. Strain naturally modifies the Richardson number of the geostrophic flow and therefore could affect the efficacy of KE transfer by near-inertial motions. Similar to the case of symmetric instability discussed above, the strain-driven ageostrophic flow introduces an additional shear production term that could modify the energetics of the waves. How each of these processes modifies the dynamics and energy transfer of inertiagravity waves is further detailed in the next sections.
Background flow configuration
A simple configuration is used to study the effects of frontogenetic strain on symmetric instability and inertia-gravity waves. It consists of an unbounded domain with background velocity, buoyancy, and pressure fields that take the form
respectively, and where α > 0 is a strain rate that is spatially and temporally constant, b = −gρ/ρ o is the buoyancy (g is the acceleration due to gravity; ρ is the density; and ρ o is a reference density used in the Boussinesq approximation), and f is the Coriolis parameter, which is assumed to be constant. Substitution of (2.1) and (2.2) into the Boussinesq, inviscid, adiabatic equations of motion, i.e.,
whereẑ is a unit vector in the vertical, results in a set of ordinary differential equations (ODEs) for (û,v), the stratification N 2 (t), and the horizontal buoyancy gradient −S 2 (t):
Subject to the initial conditions
the ODEs yield the solution:
This background velocity and buoyancy field is one of a class of exact solutions to the Navier-Stokes equations that are described by Craik (1989) . While simple, it captures the key elements of frontal intensification. It consists of a rapidly increasing lateral buoyancy gradient (2.12) and vertically-sheared, geostrophic flow (2.10) linked by the thermal wind balance: f ∂u/∂z = −∂b/∂y. In order to maintain this balance under a changing lateral buoyancy gradient, a cross-front, vertically-sheared ageostrophic velocity,vz, is induced that accelerates the geostrophic flow via the Coriolis force. The cross-front circulation also restratifies the fluid by differential horizontal advection of buoyancy, (2.8), a process that is always associated with frontogenesis and that is a consequence of the conservation of potential vorticity (PV) (Hoskins & Bretherton 1972; Lapeyre et al. 2006) .
The adjusting stratification and horizontal buoyancy gradient of the background flow cause the slope of isopycnals (surfaces of constant density), γ, to change over time:
where
is the initial value of the Richardson number of the geostrophic flow,
(2.14)
With the addition of the ageostrophic shear, the Richardson number of the background flow is reduced:
In this article only background flows with Ri > 1/4 will be considered, to rule out the direct development of Kelvin-Helmholtz instability (Miles 1963) . This entails imposing the following restrictions: Ri o > 1/4 + (α/f ) 2 and α/f < √ 3/2. While the background flow is stable to Kelvin-Helmholtz instability, it can be unstable to two-dimensional (2D) perturbations (i.e. those that do not vary in the direction of the geostrophic flow). In the absence of strain, a geostrophic flow is unstable to such perturbations when its PV takes the opposite sign of f (Hoskins 1974) . For the background flow considered here, the PV is
and depends on the Richardson number of the geostrophic flow and the stratification. However, unlike both of these quantities, the PV does not change with time, but remains equal to its initial value, q = f N 2 o (1 − 1/Ri o ). In this case, given a stable stratification, f q < 0 when Ri o < 1. Thus for part of the range of Richardson numbers that will be considered in this article, namely for 1/4 + (α/f ) 2 < Ri o < 1, 2D instabilities could develop. Background flows with Ri o > 1 and hence f q > 0 will also be studied. Under these conditions and without strain, 2D flow perturbations oscillate as inertia-gravity waves (Hoskins 1974) . With the addition of strain, the dynamics of these perturbations is shaped not only by the PV but by the ageostrophic shear and the time variability of the background flow, as will be described next.
Evolution of symmetric instability and inertia-gravity waves under strain
The basic state is perturbed with a 2D (i.e. invariant in the x-direction) disturbance, with velocity, buoyancy, and pressure fields u ′ (y, z, t), b ′ (y, z, t), and p ′ (y, z, t). The dynamics of the perturbations are governed by the incompressible, Boussinesq equations:
where D/Dt = ∂/∂t + v∂/∂y is the rate of change following the background flow. Since the perturbations are 2D, the flow in the y − z plane can be expressed in terms of a streamfunction, i.e. v ′ = ∂ψ/∂z, w ′ = −∂ψ/∂y. Due to the lack of boundaries, and to the spatially-uniform gradients of the basic state, the method of Craik (1989) can be employed, i.e. solutions of the form of plane waves,  .c., (3.4) are sought, where φ = ly + mz is the phase and k = (l, m) is the wavevector which is spatially uniform, yet varies with time. The evolution of only a single plane wave is considered, which makes the nonlinear terms in (3.1)-(3.2) identically equal to zero. With the ansatz (3.4) it follows that the phase does not change following the background flow, i.e. Dφ/Dt = 0, yielding the following solution for the wavevector:
where (l o , m o ) denotes its initial value. The exponential growth of the wavenumber in (3.5) is typical of strain-modified planar perturbations (e.g. Craik (1989) and Dritschel et al. (1991) ). Substituting the ansatz (3.4) into (3.1)-(3.3), and deriving a streamwise vorticity equation to eliminate pressure, yields a set of three coupled ODEs for the amplitude of the disturbance a = [U Ψ B]
T :ȧ = E (t)a, (3.6) where (˙) denotes a time derivative and the matrix E has the elements:
Solutions to this set of equations will be calculated for background flows with stable stratification and either positive or negative PV.
3.1. Symmetric instability, f q < 0
In the absence of strain (α = 0), a geostrophic background flow of the form (2.10) is unstable to symmetric instability (SI) when its Richardson number falls in the range 0 < Ri o < 1 so that f q < 0. For these conditions, the fastest growing mode is characterized by streamlines that run parallel to isopycnals, with a wavevector −l/m = S 2 /N 2 (Taylor & Ferrari 2009 ). The effects of frontogenetic strain on the dynamics of this particular mode for α > 0 can be explored by choosing initial components of the wavevector that satisfy the following relation:
which forces −l/m = S 2 /N 2 for all times. With this initial condition it follows that E 32 = 0 and thus the buoyancy anomaly of the perturbation is zero, i.e. B(t) = 0. The evolution of the amplitude of the perturbation is governed by (3.8) where the matrix F has elements F 11 = E 11 , F 12 = E 12 , F 21 = E 21 , and
A qualitative characterization of the evolution of the amplitude can be obtained by examining the behaviour of the eigenvalues, σ 1,2 , of F and their dependence on the key properties of the backgound flow. For times much longer than 1/α, the eigenvalues of F asymptote to constant values: T , c = −F 12 /(2α), respectively. For both eigenvectors the magnitude of the perturbation's velocity, u ′2 + |∇ψ| 2 , decreases with time in spite of the exponential growth of the wavevector, indicating that the kinetic energy of all perturbations eventually decays.
At t = 0, the eigenvalues of F (assuming small isopycnal slopes, |γ| = |l/m| ≪ 1) are
and are purely real for 0 < Ri o < Ri c , with
When α = 0, Ri c > 1, which corresponds to a background flow with f q > 0, indicating that the boundary between oscillatory and non-oscillatory solutions to (3.8) is not simply a function of the sign of the PV, unlike the α = 0 case. The dependence of the positive root, σ 1 (t = 0), on the strain rate and Richardson number is shown in figure 1. It is worth noting that the eigenvalue is not always positive. For strain rates exceeding a critical value α c (Ri o ), defined as the location in parameter space where σ 1 (t = 0)| α=αc ≡ 0, the eigenvalue is negative, suggesting that SI may not grow under these conditions. If the strain is sufficiently weak however, the values of the eigenvalue for long and short times are of different sign, implying that perturbations grow temporarily but then are suppressed over time. Direct integration of the amplitude equations (3.8) confirms these inferences.
The governing ODEs (3.8) were solved numerically for various values of α and Ri o . Timeseries of the kinetic energy per unit mass, KE = (u ′ u ′ * + |∇ψ| 2 )/2 ( * denotes a complex conjugate), for perturbations added to a background flow with f q < 0 are shown in figure 2. The initial conditions used in the calculations, Ψ(t = 0) = Ψ o , and
o − 1, yield the fastest growing mode for α = 0. In the absence of strain the perturbations grow exponentially at the growth rate of symmetric instability:
With strain, the perturbations grow for early times and then decay. Relative to classic symmetric instability, the early-time growth is reduced. Growth can be completely suppressed for a frontogenetic strain of sufficient magnitude. For example, as shown in figure 2, the KE of perturbations in a strain field with α = 0.5f never increases with time.
While the KE of SI eventually decreases over time, the vertical shear of the instability continually amplifies due to the exponential growth of the vertical wavenumber (figure 2). This causes the Richardson number of the total flow to diminish to the point where it eventually crosses the threshold for Kelvin-Helmholtz instability (figure 3). At this stage, secondary instabilities would presumably develop from the 2D perturbations. However, relative to SI in the absence of strain, the time when this threshold is crossed is delayed. For example, with α = 0.3f and a perturbation with an initial shear 1/1000 of the geostrophic shear, the threshold is crossed after tσ o = 10, a time when the KE of the perturbation is lower than its initial value. This particular result is dependent on the initial strength of the perturbation and the strain rate, but it illustrates how frontogenetic strain can limit the magnitude of the velocity associated with SI and consequently its secondary instabilities as well.
3.2. Inertia-gravity waves, f q > 0 In a basic state with spatially uniform gradients such as (2.10)-(2.12), when f q > 0 and α = 0, 2D perturbations to the flow take the form of inertia-gravity waves. The frequency of these waves is solely a function of the properties of the medium (the stratification, Coriolis parameter, and baroclinicity) and the angle streamlines make with the horizontal:
The waves with the lowest frequency correspond to perturbations with flow that is purely along isopycnals, i.e. θ = θ ρ = tan (Mooers 1975; Kunze 1985; Young & BenJelloul 1997; Whitt & Thomas 2012) . In the presence of frontogenetic strain, the angle (3.12) changes with time, however it asymptotes to θ ρ for all initial angles except zero. This suggests that for α > 0, IGWs of any initial θ excluding θ = 0 should over time follow similar dynamics to the waves with lowest frequency. For this reason, particular attention will be paid towards understanding the physics of perturbations with an initial wavevector given by (3.7), where θ = θ ρ for all times and the wave frequency is at its minimum.
Waves of the lowest frequency
As with SI, disturbances with purely along isopycnal flow, θ = θ ρ , do not generate buoyancy anomalies and therefore are governed by the reduced set of equations (3.8). These equations were solved for f q > 0 numerically as well as analytically using the method of multiple scales (e.g. appendix A). An example solution for a background flow with strong stratification, i.e. Ri o = 100, is shown in figure 4 . The perturbation velocity field is characterized by oscillations with a frequency that starts near f but then decreases over time. After a few inertial periods, the amplitude of the oscillations reduces as well, but at dissimilar rates for the two horizontal components of the velocity. The velocity in the along front direction, u ′ , decays more rapidly, resulting in a hodograph that evolves from being circular to elliptical, with stronger flow in the cross-front direction (figure 4). It is important to note that because Ri o is large, the wave starts out as a nearly perfect inertial oscillation with a circular polarization and a frequency near f . But because frontogenesis leads to an exponential decrease in the Richardson number of the background flow, the wave rapidly evolves away from this classical limit, developing significant eccentricity in its hodograph and damping over time. Lowering the initial Richardson number of the background flow and/or increasing the strain rate acts to dampen the oscillations more quickly to the point of a near total quelling of the wave in less than an inertial period when α ∼ f (figure 5). The analytical solution to (3.8) described in appendix A captures these features of the oscillation well.
Higher frequency waves
Perturbations with streamlines that do not run parallel to isopycnals (i.e. θ = θ p ) yield oscillations of higher frequencies than those with θ = θ p . The evolution of these waves can be dramatically different depending on whether their streamlines are steeper or flatter than isopycnals. This is illustrated in figure 6 for two waves with streamlines that initially make an angle θ o ≡ θ(t = 0) = ̟ and θ o = π − ̟ from the horizontal. Classical theory predicts that a pair of inertia-gravity waves with these characteristics should have the same frequency. In the presence of baroclinicity and strain the evolution of these two waves differs considerably. As shown in figure 6(a) , streamlines of the two waves eventually align with isopycnals over time, at which point their velocity perturbations decay to zero, similar to the lowest frequency waves with θ = θ ρ , e.g. figure 6 (b). However before reaching this state, the wave with streamlines steeper than isopycnals (θ o = 179.998
• ) experiences a phase of transient growth where its velocity and frequency amplify. The frequency of the wave peaks at the time when its streamlines become vertical, yielding oscillations at the local (in time) buoyancy frequency, e.g. figure 6 (c). After this time streamlines flatten and asymptote towards isopyncals, resulting in a reduced frequency and velocity. The wave with streamlines that were initially less steep than isopycnals (θ o = 0.002
• ) follows a less striking evolution, with a frequency and velocity that monotonically decrease with time.
In the next section the underlying physics behind the modifications to inertia-gravity waves and symmetric instability by frontogenetic strain is discussed.
Discussion

Energetics
Insights into the growth and decay of the velocity of the perturbations can be gained by studying the evolution of their KE which is governed by the following equation:
The KE can be changed by convergence/divergence of the energy flux (PWORK) and the release of potential energy via the buoyancy flux (BFLUX). The disturbances can also exchange KE with the background flow through shear production. In fact, because sym- metric instability and the lowest frequency waves do not induce pressure and buoyancy anomalies the only way their KE can change is through shear production.
Symmetric instability in the absence of strain derives its energy exclusively from geostrophic shear production, i.e. the term labeled GSP in (4.1) (Taylor & Ferrari 2010; Thomas & Taylor 2010) . Strain introduces two additional energy sources/sinks, the terms labeled AGSP and DSP , associated with the ageostrophic shear and the lateral gradients in the deformation field, respectively. The ageostrophic shear production, AGSP , is positive when streamlines tilt against the ageostrophic shear. Under frontogenetic strain and for disturbances with θ = θ ρ , isopycnals, and hence streamlines, always lean in the • (gray solid) and θo = 0.002 • (black solid) for a background flow with Rio = 100 and α = 0.0625f . In the top panel the angle that isopycnals make with the horizontal, θρ, (dashed black) is shown for comparison and is not equal to θ for either wave. The maximum and minimum frequency that IGWs in this background flow can attain, N/f and 1 − 1/Rig, respectively, is indicated in the bottom panel (dashed gray lines). Time is expressed in units of an inertial period Ti = 2π/f and the time when the streamlines of the IGW with θo = 179.998
• become vertical is indicated by the vertical dotted line in all three panels.
same direction of the ageostrophic shear causing perturbations to lose energy through AGSP , which explains the reduced growth of symmetric instability and the damping of the lowest frequency waves seen in figures 2, 4, and 5.
The KE can be exchanged between perturbations and the deformation field through the DSP term, which can be simplified as DSP = α(|v ′ | 2 − |u ′ | 2 ). Thus the DSP leads to a net energy transfer when the perturbation's velocity is not circularly polarized (i.e. |u ′ | t = |v ′ | t , where ( ) t denotes a time average). For α > 0 (which corresponds to frontogenetic strain for the density field that is being considered here) the DSP amplifies the perturbation KE when |v ′ | t > |u ′ | t . The preference in the flow direction of the perturbation can be understood in terms of the relative orientation of the gradient of momentum of the background flow field and the perturbation momentum fluxes. For α > 0 the momentum flux |v ′ | t is down-gradient while |u ′ | t is up-gradient. Since the magnitude of the gradient in the x and y components of momentum are equal for a background flow that is horizontally non-divergent, the net flux of momentum by the perturbations is down-gradient only when the variance in v ′ exceeds that of u ′ . Under these conditions the perturbations act as an effective viscosity, mixing the momentum of the deformation field and hence extracting its KE.
Time integrals of the terms in the KE equation from the numerical solutions are plotted in figure 7. As predicted, for the symmetrically unstable flow with f q < 0, ageostrophic shear production ultimately dampens perturbations. The perturbations draw energy from both the geostrophic shear ( t 0 GSP dt ′ > 0) and the deformation field (DSP > 0). The net change in KE, ∆KE, asymptotes to steady values over time. Under frontogenetic strain, ∆KE → −KE o , indicating that SI loses all of its energy to the background ageostrophic flow.
For a background flow with the opposite sign of PV (f q > 0), and disturbances with θ = θ ρ , the resulting waves of the lowest frequency lose KE via AGSP , e.g. figure 7 . The net reduction in KE resulting from AGSP is larger in magnitude than the initial KE of the oscillations. This extra energy originates from the deformation field via the DSP term since the velocity field of the lowest frequency waves is not circularly polarized, namely |v ′ | t > |u ′ | t (figure 4). The total amount of KE extracted from the deformation field can be quantified using the analytical solution described in the appendix, e.g. (A 13).
In the limit Ri o ≫ 1 it is always equal to the initial KE of the oscillations. Since the waves of the lowest frequency lose all of their energy during the process, the KE of the ageostrophic flow is increased by 2KE o . The AGSP and DSP also control the evolution of the KE of inertia-gravity waves of higher frequencies (i.e. θ = θ ρ ). Time integrals of the two shear production terms and their dependence on the initial angle of streamlines, θ o , are shown in figure 8 . For all values of θ o (excluding 0
• and 180 • ), the AGSP results in a net loss of KE for the waves. Except for a narrow range of angles θ o close to 0
• and 180
• the AGSP completely dominates the KE equation and leads to a rapid damping of the waves (i.e. 
AGSP dt
′ /KE o ≈ −1). However, the AGSP is not always negative. For waves with 90
• < θ o < 180
• there is a transient phase of their evolution when streamlines are back-tilted against the ageostrophic shear and hence AGSP > 0. When θ o ≈ 180
• this transient is sufficiently long in duration to significantly affect the energetics. An example of this phenomenon is highlighted in figure 9 for a wave with θ o = 179.908
• . For early times, before streamlines become vertical, the change in KE is positive and closely follows t 0 AGSP dt ′ /KE o . Once the streamlines tilt in the opposite direction the AGSP drains the wave of all its KE. This mechanism explains the growth and decay of the wave with θ o = 179.998
• seen in figure 6(b) as well.
For values of θ o near 0 • and 180 • , the net loss in KE caused by the AGSP is greater in magnitude than the initial KE of the waves because of the extra energy source from the deformation field. This energy is tapped via the DSP, the strength of which depends on the KE and polarization relation of the waves, which are both functions of θ o . For 90
• the DSP is enhanced because during the transient when streamlines are back-tilted against the ageostrophic shear, the KE of the wave is greater than its initial value (e.g. figures 8 and 9). The fact that the net DSP is positive for all values of θ o indicates that on average the waves' horizontal velocity is not circularly polarized. Variations in the polarization relation modify the net DSP and partially explain the changes in figure 8 . The factors controlling the polarization relation can be understood by considering a quantity known as the absolute momentum.
Consideration of the absolute momentum
In the absence of strain and for perturbations that do not vary in the x-direction, the absolute momentum
is conserved following fluid parcels. In the background flow (2.10)-(2.11), while absolute momentum is not conserved, its Lagrangian evolution does follow a simple form: 
AGSP dt ′ /KEo (gray), and ∆KE/KEo (dotted) for symmetric instability (left) and an inertia-gravity wave of the lowest frequency (right). The Richardson number and strain rates of the background flow used in the calculation are Rio = 0.6, α = 0.3f (left) and Rio = 100, α = 0.0625f (right). AGSP dt ′ /KEo (solid black), are evaluated at t = 20Ti, a sufficiently long time for the waves to be nearly completely damped. The vertical lines indicate the angles θρ and θM that isolines of density (dashed black) and the absolute momentum of the geostrophic flow (dashed gray) make with the horizontal at t = 0. Note that the scale on the abscissa is nonuniform, i.e. θo is stretched for angles close to 0
where M o is the initial value of the absolute momentum on a given fluid parcel (Hoskins & Bretherton 1972) . Between two times t 1 and t 2 > t 1 , if |α|(t 2 − t 1 ) ≪ 1, it follows from (4.3) that absolute momentum is nearly conserved. If the time interval t 2 −t 1 characterizes the timescale of the perturbation (such as the e-folding time of symmetric instability or the period of the IGW), then absolute momentum is approximately conserved when this timescale is much shorter than 1/α. In this case, the perturbation velocity can be expressed in terms of parcel displacements:
where it has been assumed that u ′ | t1 = 0 and δY = t2 t1 v ′ dt and δZ = t2 t1 w ′ dt. Denoting the absolute momentum of the geostrophic flow as M g = (S 2 /f )z − f y, it follows that (4.4) can be re-expressed in terms of the angles, θ and θ M , that streamlines and isosurfaces of M g make with the horizontal:
where θ M ≡ tan −1 (f 2 /S 2 ). Thus when streamlines and surfaces of absolute momentum of the geostrophic flow are parallel, and θ = θ M , parcels will not experience a change in M g and therefore will not acquire a velocity perturbation in the x-direction. Thus, as this limit is approached, the perturbation flow becomes rectilinear, and aligned in the y-direction.
Frontogenetic strain, by increasing the geostrophic shear, naturally flattens isosurfaces of M g . At the same time, the strain changes the slope of isopycnals so that the Richardson number of the geostrophic flow Ri g ≡ tan θ M / tan θ ρ asymptotes to a value of one, e.g. (2.14), at which point M g -surfaces and isopycnals are aligned (e.g. figure 10 ). Hence IGWs of the lowest frequency with θ = θ ρ caught in frontogenetic strain will experience a change in polarization relation that is favourable for the extraction of energy from the deformation field, such as seen in figure 4 and 7.
Waves of higher frequencies with θ = θ ρ also experience an alignment of their streamlines with M g -surfaces over time, but at a different rate than the waves of lowest frequency. In particular when the streamlines of the waves are initially more closely aligned with M g -surfaces than isopycnals are, it takes less time for θ → θ M , than θ ρ → θ M . In this case the wave's horizontal flow becomes rectilinear more rapidly, and there is a greater extraction of KE from the deformation field. An example of this is illustrated in figure 10 for a wave with θ o = 0.121
• . A hodograph of the wave's velocity reveals that the flow quickly becomes rectilinear and pointed in the cross-front direction as θ → θ M , Figure 10 . Timeseries (left) of the angles θM (gray), θ (black), and θρ (dashed) that Mg-surfaces, streamlines, and isopycnals make with the horizontal in a background flow with Rio = 100 and α = 0.0625f and for a IGW with θo = 0.121
• . The hodograph of the two horizontal components of the velocity, u ′ and v ′ , for the wave with θo = 0.121
• is shown in the panel on the right. The corresponding time variation of θM − θ is indicated by the shading. The components of the velocity have been normalized by the initial speed and time is expressed in units of an inertial period Ti = 2π/f . consistent with absolute momentum conservation. This results in a more rapid onset of KE extraction from the deformation field, which when integrated over the duration of the wave's decay yields a net KE transfer, figure 8 . The approximate conservation of absolute momentum can also be used to explain the reduction in frequency of the IGWs of lowest frequency. The velocity perturbation (4.5) drives a Coriolis force in the y−direction: −f u ′ | t2 ≈ −f 2 δY (1 − 1/Ri g ). Thus when (1 − 1/Ri g ) > 0 the Coriolis force is in the opposite direction of the y-displacement and hence acts as a restoring force, giving rise to oscillatory motions. This restoring force is reduced in magnitude as the Richardson number of the geostrophic flow approaches one. The strength of this restoring force sets the frequency of oscillation. Therefore under frontogenetic strain, as Ri g → 1, the period of the waves of the lowest frequency should increase with time, which explains the behaviour of the numerical solutions seen figure 4 and the analytical solution described in appendix A.
compare figures 7 and 9). This behaviour explains the local maxima in
t 0 DSP dt ′ /KE o for θ ρ < θ o < θ M evident in
Conclusion
The properties of both symmetric instability and two-dimensional inertia-gravity waves are significantly modified by frontogenetic strain. Symmetric instability is suppressed in spite of the strengthening vertical shear of the geostrophic flow. This counter-intuitive finding can be ascribed to the ageostrophic flow that accompanies a baroclinic, geostrophic current when it is strengthened by frontogenetic strain. This ageostrophic flow is verticallysheared and acts to flatten isopycnals and hence the streamlines associated with symmetric instability. Since streamlines are tilted with the shear, the instability loses KE to the ageostrophic flow. IGWs of the lowest frequency, like SI, are characterized by flow that runs parallel to isopycnals, therefore these waves similarly lose KE to the ageostrophic shear. In fact, all 2D IGWs, regardless of their initial wavevector and frequency, are eventually damped by this mechanism since the ageostrophic shear and frontogenetic strain force the streamlines of IGWs to align with isopycnals over time. While all waves are suppressed over time, IGWs with streamlines that initially lean against the ageostrophic shear experience a transient phase of growth and reach a maximum amplitude when their streamlines are vertical and their frequency peaks at the buoyancy frequency. A similar behaviour was described by Phillips (1966) for IGWs in a stratified sheared flow in the absence of horizontal density gradients and strain.
The combination of a deformation field, a horizontal density gradient, and the concomitant ageostrophic flow causes the medium through which IGWs propagate to change in time. This has a particularly strong effect on the IGWs with the lowest frequency. Conservation of absolute momentum dictates that the frequency and polarization relations of these waves are functions of the Richardson number of the geostrophic flow. Under frontogenetic strain and f q > 0, the Richardson number rapidly decreases and the properties of the lowest frequency IGWs depart from those predicted by classical theory. Specifically, the frequency of the oscillations decreases to zero and the velocity changes from being circularly polarized to rectilinear in the cross-front direction. This occurs quite quickly even in a background flow that has a Richardson number that is initially large because frontogenesis is an exponentially fast process. For example, for many of the calculations described above the initial Richardson number was equal to 100 yet the properties of the waves were significantly modified within a few inertial periods.
This asymptotic behaviour is not limited to the waves of lowest frequency. The ratio of the angles that streamlines and isopycnals make with the horizontal always asymptotes to one regardless of the initial angle of the wavevector. Thus as t ≫ 1/α, an IGW of any wavevector (and hence period) will be transformed to a wave with decreasing frequency and rectilinear polarization relation. This contrasts with the wave-capture scenario of Bühler & McIntyre (2005) , which predicts that the aspect ratio of the inertia-gravity waves caught in a strain field asymptotes to the aspect ratio of the background (nonageostrophic) flow, yielding a finite frequency for long times. The difference in the predicted behaviour is clearly attributable to the time-variable medium and the ageostrophic shear, which was not taken into consideration by Bühler & McIntyre (2005) . Another difference between the two models is the manner in which the waves lose their energy. In wave-capture, the amplitude of the wave grows exponentially, leading to wave breaking and dissipation. This result follows from the conservation of wave action. The analytical solution described in the appendix demonstrates, however, that wave action is not conserved in regions of frontogenesis, but decreases with time as the waves transfer their KE to the ageostrophic circulation (e.g. A 8). Understanding the physics behind the breakdown of action conservation in this system is an open question worthy of further investigation.
During their decay, IGWs extract energy from the balanced deformation field via DSP , as a consequence of their non-circularly polarized velocity. This energy is transferred to ageostrophic motion via the term AGSP in (4.1), and thus IGWs play a catalytic role in loss-of-balance. In the ocean, deformation fields that drive frontogenesis are often associated with mesoscale eddies. Thus the energy transfer to IGWs could represent a sink of KE for the mesoscale eddy field. The calculations suggest that it is the IGWs of initially low frequency (i.e. with streamlines that are initially nearly horizontal and hence have periods close to the inertial period) that would be most effective at extracting KE from eddies (e.g. figure 8 ). During this process, the waves extract an amount of KE from the deformation field that is approximately equal to the waves' KE before their interaction with the strain field and front. If on average such waves encounter a front undergoing frontogenesis every T int days as they transit the ocean, then the average rate of energy extraction from the deformation field by the IGWs, DSP , would scale as the total KE in the waves divided by T int . Assuming that T int = 100 days, given the total KE contained in near-inertial waves, ∼ 1×10 18 J (e.g. Ferrari & Wunsch (2010) ), this estimate would yield a net energy extraction from the eddy field of DSP ∼ 0.1 TW, which is a tenth of the rate at which eddies gain KE through the release of available potential energy (Wunsch & Ferrari 2004) . A frontal encounter time of 100 days corresponds to a distance of 1000-10000 km using typical horizontal group velocities of near-inertial waves in the ocean (Alford & Zhao 2007) . These distances are comparable to the widths of ocean basins, which suggests that near-inertial waves encounter fronts more often, and that the estimate of DSP ∼ 0.1 TW may be conservative. This is especially likely since near-inertial wave generation preferentially occurs under the mid-latitude storm tracks which are in close proximity to fronts associated with separated western boundary currents, or the Antarctic Circumpolar Current in the Southern Ocean (Alford 2003) . While the estimate for DSP is crude, the calculation implies that the extraction of KE from the mesoscale by IGWs in frontogenetic strain could play a significant role in closing the KE budget of the ocean circulation.
The theory also suggests that near-inertial oscillations should experience a net loss of KE that scales as − DSP . It is estimated that over the entire ocean, winds input KE to inertial motions at a rate 0.2-0.6 TW (Wunsch & Ferrari 2004; Ferrari & Wunsch 2010) . This is comparable to DSP , implying that the interaction between eddies, inertiagravity waves, and lateral density gradients could also significantly contribute to the energy budget of near-inertial waves.
The KE from the eddies and near-inertial motions is transferred to the ageostrophic flow. What happens to this energy following the transfer cannot be addressed with this theory and is thus an open question. The increase in the ageostrophic shear could reduce the Richardson number below the criterion for shear instability. In this case the KE of the mesoscale eddies and near-inertial motions would both be dissipated and increase the potential energy of the ocean through mixing of density by the shear instabilities.
In regions of the ocean where f q < 0, the theory suggests that symmetric instability will arise if the frontogenetic strain is weak. Under these conditions the instability can extract KE from both the vertically-sheared geostrophic flow as well as the deformation field. Large eddy simulations of symmetrically unstable fronts that are not actively being strained show that the KE of the instability is dissipated through the action of secondary shear instabilities (Taylor & Ferrari 2009; Thomas & Taylor 2010) . In a strain field, however, the instability's growth is limited, and a significant fraction of its energy may not be dissipated but instead transferred to the cross-front ageostrophic flow. This work was supported by the Office of Naval Research grant N00014-09-1-0202 and the National Science Foundation grant OCE-0961714. Comments from Bill Young and two anonymous reviewers were very helpful in improving the manuscript.
Appendix A. Approximate solution for slowly modulated inertia-gravity waves of the lowest frequency
Under stable conditions (f q > 0) and weak strain, more specifically |α|/f ≪ 1, time variations in the background flow are long relative to the period of the IGWs. Given the dissimilar timescales, an approximate solution to (3.8) can be obtained using multiplescale analysis (Bender & Orszag 1999) . First, the variables are non-dimensionalized as follows: U = UU Since the energy of the waves of lowest frequency is purely kinetic, the wave action (non-dimensionalized) is A = (a 2 + b 2 κ 2 )/2ω. Combining (A 6) and (A 7):
it therefore follows that wave action is not conserved but decreases with time. Solving (A 6) and (A 7) subject to the appropriate initial conditions yields
−3/4 (µ 1 cos T + µ 2 sin T ) (A 9) o . In figure 5 (A 9) is compared to the numerical solution for various values of ǫ. The approximate solution captures both the decay in amplitude and frequency in U extremely well, even when ǫ is not particularly small.
The approximate solution can be used to estimate DSP = α(V 2 − U 2 ), the rate of KE transfer between the deformation field and near-inertial motions. Averaged over a period of oscillation, the DSP is approximately The net transfer of KE from the deformation field to the lowest frequency waves under frontogenetic strain can be estimated as well:
, α > 0 (A 13) and is equal to the initial KE of the oscillations when Ri o ≫ 1.
